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1 = Intrdduction 


Cellular neural networks (CNNs) are introduced by Chua and Yang. They have many 
applications in optimization, associative memories, and signal processing. Recently, they have 
been studied in the literature!!-3], Because neural networks usually have a spatial extent due to 
the presence of a multitude of parallel pathways with a variety of axon sizes and lengths, there 
will be a distribution of propagation delays'4). Recently, recurrent neural networks have been 
widely studied. The Hopfield neural networks and cellular neural networks!) are representative 
of them. 

In the literature'l, the authors proposed a class of recurrent neural networks as follows 


z(t) = —fi(ai(t)) + X ai; (t)9; (a, (t)) + So bis (t)9; (a;(t — raj(t))) + L(t), t >0, 


j=1 j=l 


xilt) = i(t) #0, te[-7,0], i=1,2,---,n, 


where n denotes the number of units in neural networks, x;(t) is the state function of the ith 
unit, a;j(t) and b,;(t) denote the strength of connectivity between the cell i and j at time 


t, and they are both continuous w-periodic functions, f(x) = (fi(x1), fe(v2),-+: , fn(an))? is 
an appropriately behaved function, g(x) = (gi(21),:-- ,gn(an))? is a nonlinear vector-valued 
activation function, I(t) = (Z(t), I2(t),--- ,In(t))? is a continuous w-periodic vector-valued 


input function, and 0 < 7%j(t) < 7 is a time delay required in processing and transmitting a 
signal from the jth cell to the ith cell at time t. 
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The aim of this paper is to investigate the existence of periodic solution for the networks 





a(t) = —fi(a;(t)) + J 4; (t) gj (a(t) + So bi; (t)g; (zit — Ti lt))) 
fai jal 


EO [T Oet- side +20, t € [0, +00), i=1,2, n. (1) 


In (1), f; and g; are continuous functions, cz is a continuous w-periodic connection weight 
function, h; is an activation function of signal transmission, and kij is a delay kernel function. 
The initial conditions associated with (1) are z;(s) = ¢i(s) # 0, s € (—co,0], where 4; € 


C((-%,0], R), f= bia, 


Throughout this paper, we assume that: 
(Hı) There exist positive constants a4, 2l, ai, Bi and B! < pi (i = 1,2,--- n) such that 


fi(0)=0, ailuf- Bis filu) < ailul+ bi, UER. 
(H2) There exist positive constants oj, 8; such that 
lgj(u)| < alul +0; uER, 7 =1,2,---,n. 
There exist positive constants Q; > 0 such that 
hilu) < Qj uER, g=1,2,---,n. 
n) are continuously differentiable w-periodic functions defined 


(H3) 


(Ha) ral) (ij = 1,2,--° 


on [0, +00) and 
i ~ T;;(t ; 
E (I Tag )) ag 


(H5) The delay kernels k;;(s) : [0,00) — [0, co) are continuous, and 


oo 
Fi kij(s)ds = kij > 0, 2,7 =1,2,--- > 2. 
0 


For the sake of convenience, we introduce the following notations 
a= Osten [aij (t)|, bij Ettu [bij ©, Cij NEREA Ici; (t)|, I; oiy Ji (t)|, 


T. 1 j 1 2 . . 
FA = al (L(t) |dt, Mij = (2H) ; 2,3 = 1,2,- Nn. 


i 


2 Preliminaries 


Firstly, we introduce the Mawhin continuation theorem!” as follows: 
Lemma 2.1 Let X and Y be two Banach spaces, L : Dom L C X — Y be a Fredholm 


operator with index zero, Q C X be an open bounded set, and N : X — Y be a continuous 
operator which is L-compact on 1. Assume that 

(a) For each A € (0,1), z € QN Dom L, Liz 4 ANz; 

(b) For each z € QN Ker L, QNz £0; 


(c) deg{JQN, QNA Ker L, 0} #0. 
Then Lz = Nz has at least one solution in N N Dom L. 
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3 Existence of periodic solutions 


Theorem 3.1 Assume (H;)—(Hs) hold, and 


n 
ai, (1 — aw) — ci xe + aw) (az, + bF,m;i) > 0, 
j=l 


n 
o- Y (at, + of )o: >0, i=1,2, ae 
j=l 


then the network (1) has at least one w-periodic solution. 
Proof Let 
X=Z= {x(t) E€ C(R, R”) : z(t) = z(t + w), z = (£1, £2, En wee 


Then X and Z are both Banach spaces with the norm 


isla = (f° eeopae)’. 


Let L : DomL C X > Z, Lz = 2’, x € DomL C X, where Dom L = C!(R,R") N X and 
N: X >Z, 


Nz = ( T fi (x;(t)) + 3 Qij (t)9; (x; (t)) + X bulto (x; (t — Tij (t))) 


j=l j=l 


nxl 


+ Dealt) f kylet- s))ds +0) 


Obviously, Im Z is closed in Z and L is a Fredholm mapping of index zero. Define two 
projectors P and Q as 


1 w w 
Pr = F a(t)dt, 2EX, Qz= =f 2(t)dt, zez. 
w Jo 0 


So, N is L-compact on Q for any open bounded set Q c X. 
Corresponding to the operator equation Lr = ANz, A € (0,1), we have 
dz;(t) 2 T 
di = al -— fi (z:(t)) + b> aij (tg; (z; (¢)) UE X bi; (t)9; (zj (t — Tij (t))) 
j=l 


j=1 





+9 a(t) A ki;(s)h; (z;(t — s))ds + L(t) |, i= 1,2,:-- yn. (2) 


Suppose that x(t) = (x(t), ra(t),--- ,£n(t))T € X is a solution to (2) for some A € (0,1). 
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Multiplying both sides of (2) by z; and integrating over [0, w], we obtain 


f JajPdt < allzilelzile + bivo llaille +X afoysllaillallaslle 


j=1 


Ee 8; Jo læs] + I} Vo lala e ojmis|x4ll2llz5lle 


+e P TEE kijQjvw |læ;ll2- (3) 
j=l 


From (3), it follows that 


n n 
izil < aulleilla +) (aos + bh o;mis) heslle + (Biv +Y af 0; Ve 
j=l j=l 


Integrating both sides of (1) over [0,w], we obtain 


i pee eo ags TOLES? he a(t) (zt — Ti (t)))dt 
+f I, (t)dt + o Ci, (t) ae ki; (s)h; (x;(t = s))dsdt. 


Then, there exists some £ € (0,w) such that 


La k 
+2 ah f (sles -roO +65)a0+ Sa byQi tt A 
Applying (Hı) to inequality (4) and by the Hélder inequality, we have 


pt 
ay, |ri(E Jw Fe a (al i + bi miy) o5l|z;ll2 
j=l 


+ Laie +e 8; De kijQj + IF + p; 
For any t € [0, w], it follows that 


|zi(t)} < lae(Q)| + i |n;(t)\dé < |ai(€)| + vw lleill t= 1,2, n. 
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Consequently 


w i 
oiled = ai( f Pat)? < aivo max as(t) < ave [as(@)| + afer 


Then 
n 
ai(1— ajw)||zill2 < aren | ax, + bmi) o,l|z;ll2 + RI, 


where 


va( Sat ‘0; +e 0; Deh kQj + If + 61) 


tele Ava Ya evo Soy ED kiQ vo + If Yu ). 


From (5), it follows that 


n 


Y a(l — aw)|frille < X (a + alw) Y (af, + bf mis)osllay lle + RE ). 
j=l 


i=l i=1 
Consequently 
n 
de lzil2 < A, 
i=1 
where 


n 
LR 
H* i=1 


: 7 UR s _ << a + 
min, [a;(1 — aiw) ai D + agw) lah +b; oy 


1115 


(5) 


Clearly, H* is independent of A. Denote M* = H* + F, where F > 0 is sufficiently large so 


that 


n n 


min [o z723. i+ bipe] E-E oht 505 + Qj kj] - > (2i + |G) > 0 


j=1 t=1 j=1 i=1 


Now we define 


Q= {2 = («1 (t),22(t),--- ,an(t))” € x| > læ:llz2 < M* \. 


Then Q satisfies condition (a) in Lemma 2.1. Let (z1, 22,--- , £n)” € ONN Ker L, (x1, £2,- 


In)? is a constant vector in R” with 


* 





M 
\|(w1,22,°°- »ta)llo = \x1| F |x| re a |En] = 


ie 
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Then 


[ON (1, 22,--- Em)la 


IV 


lila) = 9° | YO ahol) + tige) 
=). ola- S292 Jog hj (a5) es 


t=1 j=l 


> pain, [a _ Nla} + bjo] 2 |zil 
j=1 
-59 [Cad + 65 )0; + ce Qskis] -X (8+ il) > 0. 
i=l j=l i=l 


This implies condition (b) of Lemma 2.1. 
Define © : Ker L x [0,1] > X by 


D(z E2 Tn, H) = -u( Z f Alena, =f fo(aa)dt, =, = fF heva)" 


a (i = H)QN (x1, x2, aati an) Ea 


[ere endl 2 Dite -X [Le + bi;)(o5|e5| + 8) a Qiks + lhl | 
i=1 j=l j=l 


t=1 


: T t) 
> min, [a Dia + BF, ‘Jor > EA 


~ SIDE [ah + 055 )8; + Qshis] -X (8+ I7) 
set 


i=1 j=1 


Hence, using the homotopy invariance theorem, we obtain 
deg (QN (z1, £2,- , £n)”, QN Ker L, (0,0,--- ,0)7) #0 


By Lemma 2.1, (1) has at least one w-periodic solution. 


4 Conclusions 


By using the Mawhin continuation theorem, derived in this paper are some new sufficient 
conditions ensuring the existence of periodic solutions for recurrent cellular neural networks 


with distributed delays. 
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